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to detect the thermal history  

of the universe [Kuroyanagi 0804.3249]
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[Fujita et al. 1808.02381]
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ΩGW ≈
(Gπ)2/3

3ρc
M5/3

c f 2/3 ∫
zmax

0

R(z)
(1 + z)4/3H(z)

.

[Peters & Mathews, 1963]



Stochastic GW from Binaries

[Mandic et al. 1608.06699]

! Origin: incoherent superposition of the GWs emitted by BH(NS) binaries

! Frequencies: LIGO 

! Amplitude:  10-9

[Wang et al. 1610.08725]

ΩGW =
f

ρc ∫
zmax

0
dz

R(z)
(1 + z)H(z) (

dEgw

df
( fr))

fr=(1+z)f

.
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fpeak ≃ 10−6Hz ( β
H* ) ( T*

100GeV ) ( g*

100 )
1/6

[Caprini et al. 1512.06239]

Ωpeakh2 ≃ 10−6 ( β
H* )

−2

( g*

100 )
−1/3

! Key feature: k3

increasing, k-2

or k-1

decreasing. 

! For !/"*~100, 
frequency is 
10-3Hz, in LISA 
band. It is 
possible to 
detect its peak 
and ultraviolet 
tail.

Bubble Collision Sound Waves !f -3

Total G
W !f 2

.8

MHD turbulence

Total GW !f -1

Stochastic GW from 1OPT
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Bayesian reconstruction 
of the primordial power 
spectrum for l<2300. 
(Planck 2015)



Bayesian reconstruction 
of the primordial power 
spectrum for l<2300. 
(Planck 2015)

The resolution is 
lacking to say anything 
precise about higher l.
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a* aend a0aini are-entry aeq

a/k0

The formation of 
Primordial Black 

Holes

There is a peak on the primordial density 
perturbation, which leaves horizon and gets 
frozen at a*. 

k*=Ha* SP, Zhang, Huang & Sasaki 1712.09896

?



a/k*

a* aend a0aini are-entry aeq

a/k0

The formation of 
Primordial Black 

Holes

The peak scale re-enters the horizon at radiation 
dominated era. If it exceeded some critical 
value O(0.1), PBH will form. Its mass is O(MH).

k*=Ha*

PBHs

?
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The formation of 
Primordial Black 

Holes
Rad.dom. 
1/Hr ~a2

Matt.dom. 
1/Hr ~a3/2

β = erfc ( δc

2σ )

fPBH ≡
ΩPBH

ΩCDM
= 4.11 × 10−8β(M)( M

M⊙ )
−1/2

⌦PBH = �
aeq
are

= �
aeq
a0

a0
are

' �⌦r(1 + zre(M))

M =
c3

GHre
=

c3
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The Press-Schechter  
Mass Function

• When σM <<δc, β can be approximated by exponential:

� ⇡
r

2

⇡

�M

�c
exp

✓
� �2c
2�2

M

◆



The Press-Schechter  
Mass Function

Non-Gaussianity can increase (fNL>0) or decrease (fNL<0) the 
PBH adundances.



The Press-Schechter  
Mass Function

[Young & Byrnes, 1307.4995]

β =
1
2

erfc (
ℛg+(ℛc)

2𝒜ℛ ) −
1
2

erfc (−
ℛg−(ℛc)

2𝒜ℛ ); fNL > 0.

ℛg±(ℛ) =
1
2

f −1
NL (−1 ± 1 + 4fNL (fNL𝒜ℛ + ℛ)) .



[Carr et al. 0912.5297]



[Chen and Huang. 1904.02396]



The fact that LIGO has 
not detected SGWB can 
put an upper bound for 

PBH abundance. 
[LOGO 1808.04771]



[LIGO 1808.04771]



Increase 2 orders  
after O5 

[LIGO 1808.04771]



[Wang 1903.05924]

[Chen and Huang. 1904.02396]



[Chen and Huang. 1904.02396]

No sensitivity on small scales 

Finite Size Effect:  

Wave effect:

M < 5 × 10−10M⊙ ( Rs

R ⊙ )
2

M < 4 × 10−10M⊙ ( λs

μm )



[Chen and Huang. 1904.02396]

OGLE 5-year result: 
6 planet-mass candidates 

[Niikura et al. 1901.07120]



[Chen and Huang. 1904.02396]

More detection by  
Subaru HSC in 3 years 

[Niikura et al. 1901.07120]
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The peak scale re-enters the horizon at 
radiation dominated era. Induced GWs 
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k*=Ha*



Induced GWs
• The metric is


• From the nonlinear equation of motion for the tensor perturbation


• where the source term is

h′ �′�k + 2ℋh′ �k + k2hk = 𝒮(k, η)

S(k, ⌘) = 36

Z
d

3
l

(2⇡)

3/2

l

2

p
2

sin

2
✓

✓
cos 2'

sin 2'

◆
�l�k�l

⇥

j0(ux)j0(vx)� 2

j1(ux)j0(vx)

ux

� 2

j0(ux)j1(vx)

vx

+ 3

j1(ux)j1(vx)

uvx

2

�
.

ds2 = a(η)2[−(1 − 2Φ) dη2 + (1 + 2Φ +
1
2

hij) dxidxj] .



Induced GWs
• The solution to the eom of hk is


• Then we know that ΩGW~<hh>~<SS>~<ΦΦΦΦ>~PΦ2:


• Why Gaussian?

hk =
(2π)3/2

kη (𝒮′�k(k)eikη − 𝒮′ �k(−k)e−ikη) .

ΩGW =
k3

2 (
Heq

H0 )
2

(
aeq

a0 )
4

ℜ∬ dηdτ ητe−ikη+ipτ⟨𝒮k(η)𝒮*p (τ)⟩′� .

∼ k3 ∫ dη∫ dτ × Green function × 𝒫2
Φ .
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Induced GWs
• Therefore we want to consider the local-type non-

Gaussian scalar induced GWs.


• And we have to specify the power spectrum of the 
primordial curvature perturbation. As we mentioned, we 
suppose there is a narrow peak at around k*.

ℛ(x) = ℛg(x) + FNL [ℛ2
g(x) − ⟨ℛ2

g(x)⟩] .

⟨ΦkΦp⟩ = (2π)3δ(3)(k + p)
4
9 (Pℛ(k) + 2F2

NL ∫ d3l Pℛ( |k − l | )Pℛ(l)) .

Pℛ(k) =
𝒜ℛ

(2π)3/22σk2
*

exp (−
(k − k*)2

2σ2 ) .



Induced GWs
• The convolution of the two power spectra is


• Then one half of the integral is


• And the GW spectrum is

ℱ ≡
𝒜2

ℛ

8πkk2
*

1
2

erf ( k
2σ ) +

σk
k2

*

e− k2

4σ2

4 π
erfc (−

k*

σ
+

k
2σ ) +

σ

4 πk*
(2 +

k
k* ) e

k*(k − k*)
σ2 − k2

4σ2 erf ( k2

2σ2 )

Pℛ + 2F2
NL ∫ d3lPℛ( |k − l | )Pℛ(l) =

𝒜ℛ

(2π)3/22σk2
* (e− (k − k*)2

2σ2 + 2πF2
NL𝒜ℛ

σ
k

ℱ(k, k*, σ)) .

ΩGW = 6𝒜2
ℛ

k2

2πσ2 ( k
k* )

4

∫
∞

0
dv∫

1+v

|1−v|
du uv 𝒯(u, v)

× [e− (vk − k*)2

2σ2 + 2πF2
NL𝒜ℛ

σ
vk

ℱ(vk, k*, σ)] [e− (uk − k*)2

2σ2 + 2πF2
NL𝒜ℛ

σ
uk

ℱ(uk, k*, σ)] .



Induced GWs
• The result when σ<<k* is the integral (Cai, SP & Sasaki, 

1810.11000):
⌦GW = 6A2

R
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Induced GWs

Kohri & Tareda,  
1804.08577

Saito & Yokoyama,  
0812.4339
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R
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• The result when σ<<k* is the integral (Cai, SP & Sasaki, 
1810.11000):
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non-Gaussian  
contributions• The result when σ<<k* is the integral (Cai, SP & Sasaki, 

1810.11000):



! Up:             , and we fix the 
PBH abundance to be 1. 

! Down:              , and we fix the 
peak amplitude to be                  

! Gray curve: LISA

! Frequency: PBH window <—> 
LISA band

! Coincidence, but fortunate for 
our universe.
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If PBH serves as all DM, 
the induced GWs must be 

detectable by LISA, 
independent of         or        .𝒜ℛ FNL



[Byrnes et al. 1811.11158]

Conversely non-detection 
of such induced GWs will 
put a unique upper bound 
for the PBH abundances 

and the power spectrum of 
the curvature perturbation.



Summary

• GWs induced by non-Gaussian scalar perturbations:      -
slope, multiple peaks, and a cutoff.


• If PBHs can serve as all the DM, induced GWs must be 
detectable by LISA, no matter how small          or         is.


• Conversely if LISA can not detect the induced GWs, we 
can put an independent constraint on the PBH 
abundances on mass range 1019g to 1022g where no 
current experiment can explore.

k3

𝒜ℛ fNL



Thank you!


